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Abstract
This article is devoted to the investigation of structure of wrap
groups of fiber bundles over ultra-normed infinite fields and more gen-
erally over Cayley-Dickson algebras. Iterated wrap groups are studied
as well. Their smashed products are constructed and studied.
1 Introduction.
This article is a continuation of the previous one [15], where wrap groups of
non-archimedean fiber bundles were defined and their existence was proved
and some their properties were outlined. Below other structure theorems are
formulated and proved.
Wrap groups of fiber bundles considered in this paper are constructed
with the help of families of mappings from a fiber bundle with marked points
into another fiber bundle with a marked point over an ultra-normed fieldK or
the octonion algebra A3 modeled onK. This paper continues previous works
on this theme, where generalized loop groups of manifolds over R, C and H
were investigated, but neither for fibers nor over octonions [9, 14, 12, 13].
Applications of quaternions in mathematics and physics can be found in
[2, 5, 8].
∗Mathematics subject classification (1991 Revision) 22-99, 46S10, 54H15 and 57S20.
†keywords: wrap group; fiber bundle; infinite field; non-archimedean norm; Cayley-
Dickson algebra
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In this article wrap groups of different classes of smoothness are consid-
ered.
In particular, geometric loop groups have important applications in mod-
ern physical theories (see [7, 16] and references therein). Groups of loops are
also intensively used in gauge theory. Wrap groups defined with the help
of families of mappings from a manifold M into another manifold N with a
dimension dimK(M) > 1 over K can be used in the membrane theory which
is the generalization of the string (superstring) theory.
In Section 2 smashed products of wrap groups are constructed. Iterated
wrap groups are studied as well. Their structure is investigated in more
details than in the previous paper. Relations with path groups are studied.
The main results of Section 2 are Theorems 1, 5, 7, 8, 17, 18, 20, Propositions
6, 10, 11, 14, 16 and Corollary 9.
All main results of this paper are obtained for the first time.
2 Structure of wrap groups.
Henceforth notations of the previous article are used [15].
1. Theorem. Let M and N be Cαβ manifolds over an infinite field
K or a Cayley-Dickson algebra Ar for K, 1 ≤ r ≤ 3, with a non-trivial
multiplicative ultra-norm, where M and N are of dimensions over K not less
than one, dimKM ≥ 1 and dimKN ≥ 1. Then a wrap group (W
MN)α,β has
no any nontrivial continuous one parameter subgroup {gb : b ∈ (K,+)}.
Proof. Each manifold over Ar has a structure of a manifold over K as
well, hence it is sufficient to demonstrate this theorem for M and N over
K. We shall demonstrate that any non unit element, g 6= e, in (WMN)α,β
does not belong to any one-parameter subgroup K ∋ b 7→ gb, where (K,+)
is considered as an additive group. We already know that (WMN)α,β is
the commutative group (see Theorem 6 [15]). As usually a continuous one
parameter subgroup means a continuous homomorphism φ(b) = gb so that
φ(a + b) = φ(a) + φ(b) for all a, b ∈ K, φ : K → (WMN)α,β is continuous,
that is ga+b = ga+gb, when the group operation in the wrap group is denoted
as the addition.
Suppose the contrary, that {gb : b ∈ (K,+)} is a nontrivial continuous
one parameter subgroup, that is, gb 6= e for b 6= 0. The element g is different
from e, hence its equivalence class g =< f >K,α,β for some f ∈ C
α
β ((M¯, {s0,q :
2
q = 1, ..., k}); (N, y0)) is different from < w0 >K,α,β, where w0(M) = {y0},
s0,q with q = 1, ..., k are marked points in M¯ and y0 is a marked point in
N , M = M¯ \ {s0,q : q = 1, ..., k}). In accordance with our convention the
manifolds M and N are modeled on locally K convex space X and Y over
K. Take a chart (UNi , Nφi) of N so that y0 ∈ U
N
i ⊂ N (see §2.3 in [15]). Its
image z0 = Nφi(y0) belongs to Y . Without loss of generality we can consider
that z0 corresponds to zero in Y making a shift Y ∋ y 7→ y − z0 ∈ Y in a
case of necessity. Therefore, there exists a continuous ultra-norm v on Y so
that
(1) t := supj∈ΛN ,k∈ΛM ;x∈Mj,k v(fj,k(x)) > 0,
where fj,k denotes a composition of f with chart mappings of the manifolds
N and M respectively, fj,k = Nφj ◦ f ◦ Mφ
−1
k , Mj,k is a definition domain of
fj,k, Mj,k ⊂ X .
Let at first the field K be of zero characteristic char(K) = 0. Then there
exists a prime number p > 1 so that 0 < |p|K < 1, consequently, limn→∞ p
n =
0 in K, where n ∈ N. If gb is continuous by b, then limn→∞ g
pn = 0. On the
other hand,
(2) gp
n
=< χ∗(f∨p
n
) >K,α,β,
where f∨m denotes the m fold wedge product of f with itself, χ∗ is the
homomorphism for an m fold wedge products of mappings from M∨m into
N induced by pairwise wedge products by induction from Theorem 3.3 [15]
denoted here also by χ∗ [15], m ∈ N. But
(3) supj∈ΛN ,k∈ΛM ;x∈Mj,k v([χ
∗(f∨p
n
)]j,k(x)) = t > 0
which contradicts (2), consequently, the supposition about an existence of a
continuous nontrivial one parameter subgroup in (WMN)α,β was false.
If {gb : b ∈ (K,+)} is a continuous non trivial one parameter subgroup
and char(K) = z > 0, then the z fold sum of the unit is zero, 1 + ...+1 = 0,
in the field K. Thus we would have gz = g0 = e, since g0 + gb = gb for each
b ∈ K. But again
(4) supj∈ΛN ,k∈ΛM ;x∈M v([χ
∗(f∨z)]j,k(x)) = t > 0
that contradicts (2). Therefore, the theorem is proved in this case also.
2. Remark. Mention that apart from the classical case over the fields
R or C the exponential function on non-archimedean fields has only finite
radius of convergence and each differential equation with initial conditions
generally have infinite families of solutions, because for example on the field
Qp of p-adic numbers there is an infinite family of functions f not equal
to constants or even different from locally constant functions, but with the
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derivative df(x)/dx equal to zero on Qp [22, 23].
It is also interesting to mention that under rather mild conditions a man-
ifold M modeled on a non-archimedean Banach space X can be embedded
into it as a clopen subset, M →֒ X (see Reference [24] in [15]).
3. Iterated wrap groups. We denote by (PME)α,β a space of equiva-
lence classes < f >K,α,β of f ∈ C
α
β (M¯,W) relative to the closures of orbits of
the left action of the family Diαβ,0(M) defined in §3.2 [15] of all generalized
diffeomorphisms of a Cα
′
β differentiable space M¯ . This means, that (P
ME)α,β
is the quotient space of Cαβ (M¯,W) relative to the equivalence relation Kα,β.
It may be worthwhile to mention that in the particular case of α = 0 the
diffeomorphism group Diffαβ,0(M¯) reduces to the homeomorphism group of
preserving marked points mappings belonging to C0β,0 class.
On the other hand, there is the embedding θ : Cαβ (M¯, {s0,q : q = 1, ..., k};W, y0) →֒
Cαβ (M¯ ;W) and the evaluation mapping eˆv : C
α
β (M¯ ;W) → N
k such that
eˆv(f) := (fˆ(sˆ0,q) : q = k+1, .., 2k), eˆvsˆ0,q(f) := fˆ(sˆ0,q), where fˆ ∈ C
α
β (Mˆ ;W)
is such that fˆ = f ◦ Ξ, Ξ : Mˆ → M¯ is the quotient mapping. Thus we get
the diagram Cαβ (M¯, {s0,q : q = 1, ..., k};W, y0) → C
α
β (M¯ ;W) → N
k with
Cαβ differentiable mappings, which induces the diagram l+1C
α
β (M¯, {s0,q : q =
1, ..., k};W, y0)→ C
α
β (M¯, lC
α
β (M¯, {s0,q : q = 1, ..., k};W, y0)→ lC
α
β (M¯, {s0,q :
q = 1, ..., k};W, y0) for each l ∈ N, where l+1C
α
β (M¯, {s0,q : q = 1, ..., k};W, y0) :=
Cαβ (M¯, {s0,q : q = 1, ..., k}; lC
α
β (M¯, {s0,q : q = 1, ..., k};W, y0)), also 1C
α
β (M¯, {s0,q :
q = 1, ..., k};W, y0) := C
α
β (M¯, {s0,q : q = 1, ..., k};W, y0). Using this
procedure we get iterated wrap semigroups and groups (SME)l+1;α,β :=
(SM(SME)l;α,β)α,β and (W
ME)l+1;α,β := (W
M(WME)l;α,β)α,β, where (S
ME)1;α,β :=
(SME)α,β and (W
ME)1;α,β := (W
ME)α,β.
Evidently, if there are Cαβ and C
α′
β diffeomorphisms ρ : M¯ → M¯1 and
η : N → N1 mapping marked points into respective marked points, then
Cαβ (M¯,W) is isomorphic with C
α
β (M¯1,W1) and hence (W
ME)v;α,β is C
α
β iso-
morphic as the Cαβ differentiable space and C
l
β-isomorphic as the C
l
β differen-
tiable Lie group with (WM1E1)v;α,β for each v ∈ N, where l = α
′− α, l =∞
for α′ =∞, α′ ≥ α ≥ 0. In particular, ifM , N , G, E are Cα
′
β manifolds, then
(WME)α,β is a C
α
β manifold (see §§3.3, 3.6 [15]). If f : N → N1 is a surjec-
tive map and N1 is a C
α
β -differentiable space, then N inherits a structure of
an Cαβ -differentiable space with plots having the local form f ◦ ρ : U → N1,
where ρ : U → N is a plot of N .
4. Lemma. Let E be a Cα
′
β principal bundle and let D be an every-
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where dense subset in N such that for each y ∈ D there exists an open
neighborhood V of y in N and a differentiable map p : V → Cαβ (M¯, {s0,q :
q = 1, ..., k};V, y) := {f ∈ Cαβ (M¯ ;V ) : f(s0,q) = y, q = 1, ..., k} such that
eˆvsˆ0,q(pˆ(y)) = y for each q = 1, ..., 2k and each y ∈ N , where p ◦ Ξ = π ◦ pˆ.
Then eˆv : Cαβ (M¯ ;W)→ N
k is a Cαβ differentiable principal (S
ME)α,β bundle.
Proof. Let {(Vj, yj) : j ∈ J} be a family such that yj ∈ Vj ∩D for each
j and there exists a mapping pj : Vj → C
α
β (M¯, {s0,q : q = 1, ..., k};Vj, yj) so
that pˆj(sˆ0,q)(y) = y× e for each q = 1, ..., 2k and every j, where {Vj : j ∈ J}
is an open covering of N , y is a constant mapping from Mˆ into Vj with
y(Mˆ) = {y}, where pˆj(sˆ0,q) is the restriction to Vj of the projection pˆ(sˆ0,q) :
(PME)α,β → E, while pj(Ξ(xˆ))(y) = π ◦ pˆj(xˆ)(y × e) for each y ∈ N and
x = Ξ(xˆ) in M¯ , where xˆ ∈ Mˆ , Ξ : Mˆ → M¯ . Then (WME)α,β and (P
ME)α,β
are supplied with the Cαβ -differentiable spaces structure (see Remark 3 above
and Theorem 6 in [15]), where the embedding (SME)α,β →֒ (P
ME)α,β and
the projection eˆvsˆ0,q : (P
ME)α,β → N are C
α
β -maps.
Let a generalized diffeomorphism ψj ∈ Di
α
β(N) be such that ψj(y) = yj.
Specify a trivialization φj : pˆ
−1
j (sˆ0,q)(Vj)→ Vj × (S
ME)α,β of the restriction
pˆj(sˆ0,q)|Vj of the projection pˆj(sˆ0,q) : (P
ME)α,β → E by the formula φj(f) =
(f(sˆ0,q), ψj ◦ pˆj(sˆ0,q)(f)) for each f ∈ (P
ME)α,β with π ◦ f(sˆ0,q) = y, where
ψj ◦ pˆj(f) = ψj(pˆj(f)). Then φ
−1
j (y, g) = g
−1(ψj ◦ pˆj(y)) =: η, η ∈ (P
ME)α,β
with π ◦ ψj ◦ f(sˆ0,q) = yj, since G is a group, where g = ψj ◦ pˆj(f). A
combining of the family {eˆvsˆ0,q : q = k + 1, ..., 2k} induces a mapping eˆv :
Cαβ (M¯ ;W) → N
k. By the construction above a fiber of this bundle is the
monoid (SME)α,β.
5. Theorem. If M¯ and N are Cαβ manifolds over Ar, 0 ≤ r ≤ 3, Mˆ and
N are embedded as clopen absolutely Ar convex subsets into Banach spaces
ZM and ZN over Ar, then there exists a C
α
β -differentiable principal (S
ME)α,β
bundle eˆv : (PME)α,β → N
k.
Proof. In accordance with Lemma 4 it is sufficient to prove that for each
y ∈ N there exist a neighborhood U of y in N and a Cαβ -map pq : U →
Cαβ (M¯,W) such that evs0,q(pq(z)) = z for each q = 1, ..., k, z ∈ U , where
evx(f) = f(x).
For Mˆ consider K linear mappings ζq : B(K, 0, 1)→ Mˆ joining sˆ0,q with
sˆ0,q+k such that ζq(0) = sˆ0,q and ζq(1) = sˆ0,q+k, since Mˆ is embedded as a
clopen absolutely Ar convex subset into a Banach space ZM over Ar, where
1 ≤ q ≤ k, B(Z, z, R) := {y ∈ Z : ρ(y, z) ≤ R} denotes a ball of radius
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0 < R with a center at z in a metric space Z with a metric ρ. We consider
a coordinate system (x1, ..., xm, ...) in Mˆ over K such that x1 corresponds to
a natural coordinate along ζq. This coordinate system is defined globally for
a chosen q.
The manifold N is also embedded as the clopen absolutely Ar convex sub-
set into a Banach space ZN over Ar. Then for each chart U in N there exists
a map pq : U → (P
MU)α,β with π ◦ [pq(sˆ0,q+k)(z)] = z and π ◦ [pq(sˆ0,q(z)] = y
for each z ∈ U , where pq◦ζq =: γˆq,y,z is a mapping so that π◦γˆq,y,z is aK linear
mapping in U joining y with z, γˆq,y,z : B(K, 0, 1) → N , γˆq,y,z ◦ ζ
−1
q (x1) ∈ N
for each x1, where π : E → N is the projection of the fiber bundle. Having
initially γˆq,y,z we extend it to pˆq on Mˆ with values in E such that pq◦Ξ = π◦pˆq.
6. Proposition. (1). The wrap group (WME;N,G,P)α,β has the a
structure of a principal Gk bundle over (WMN)α,β if either M and N satisfy
conditions of Theorem 5 or Gk acts effectively on (WME)α,β.
(2). The abelianization [(WME;N,G,P)α,β]ab of the wrap group (W
ME;N,G,P)α,β
is isomorphic with (WME;N,Gab,P)α,β.
Proof. 1. We have the bundle structure π : E → N . It induces the
bundle structure πˆ : (WME;N,G,P)α,β → (W
MN)α,β, since π ◦ Pγˆ,u = γˆ.
In accordance with Lemma 4 it is sufficient to show, that there exists a
neighborhood UG of e in (W
ME)α,β and a G-equivariant mapping φ : UG →
(WMN)α,β (see Conditions 3.2(P1−P4) [15]). Let < Pγˆ,u >α,β∈ (W
ME)α,β,
where γˆ : Mˆ → N , γˆ = γ ◦ Ξ, γ : M¯ → N , γ(s0,q) = y0 for each q = 1, ..., k.
Then π ◦ Pγˆ,u = γˆ and Pγˆ,u is G-equivariant by the conditions defining the
parallel transport structure. This means that Pγˆ,u(x)z = Pγˆ,uz(x) for each
x ∈ Mˆ and z ∈ G and every u ∈ Ey0 . We have that uG = π
−1(y) for each
u ∈ Ey and y ∈ N .
Therefore, put φ = π∗, where π∗ < Pγˆ,u >α,β=< γˆ, u >α,β and take
UG = π
−1
∗ (U), where U is a symmetric U
−1 = U neighborhood of e in
(WMN)α,β.
The group G acts effectively on E. Then Gk acts effectively on (WME)α,β
if N andM satisfy conditions of Theorem 5. Indeed, for each ζq from §5 there
is gq ∈ G corresponding to γˆ(sˆ0,q+k) with Ppˆq,sˆ0,q×e(sˆ0,q+k) = {y0×gq} ∈ Ey0 ,
gq ∈ G for every q = 1, ..., k. Moreover, π
−1
∗ (π∗(< Pγˆ,u >α,β)) =< Pγˆ,u >α,β
Gk. Then the fibre of πˆ : (WME;N,G,P)α,β → (W
MN)α,β is G
k. Due to
Conditions 2(P1−P4) in Section 3.2 [15] it is the principal Gk differentiable
bundle of class Cαβ .
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2. Therefore, due to dimKN ≥ 1 the considered here wrap groups are
infinite dimensional over K. Thus Statement (2) follows from the proof
of Theorem 5 above, since the wrap groups (WMN)α,β for G = {e} and
(WME;N,Gab,P)α,β for G = Gab are commutative (see Theorem 6(2) [15]).
7. Theorem. Let Diffα
′
β (N) act transitively on N , α ≤ α
′, where
M and N are embedded as clopen Ar absolutely convex subsets into Banach
spaces ZM and ZN over Ar. For each C
∞ manifold N and an Cαβ differen-
tiable group G such that A∗r ⊂ G with 1 ≤ r ≤ 3 there exists a homomor-
phism of the Cαβ differentiable space of all equivalence classes of (P
ME)α,β
relative to Diffα
′
β (N) (see §§1 and 2 in Section 3 [15] and §3 above) into
Homαβ((S
ME)α,β, G
k). They are isomorphic, when G is commutative.
Proof. Mention that due to Theorem 5 the Cαβ -differentiable princi-
pal (SME)α,β bundle eˆv : (P
ME)α,β → N
k has a parallel transport struc-
ture Pˆγˆ,uz(x) = Pˆγˆ,u(x)z for each x ∈ Mˆ and all γ ∈ C
α
β (M¯,N) and
u ∈ eˆv−1(γ(s0,k)) and every z ∈ G and the corresponding γˆ : Mˆ → N
such that γ ◦ Ξ = γˆ. If x = sˆ0,q with 1 ≤ q ≤ k, then Pˆ gives the iden-
tity homomorphism from (SME)α,β into (S
ME)α,β. If θ : (S
ME)α,β → G
k
is an Cαβ differentiable homomorphism, then the holonomy of the associated
parallel transport Pˆθ on the bundle (PME)α,β ×
θ G→ Nk is the homomor-
phism θ : (SME)α,β → G
k (see §6 in Section 3 [15]). At the same time the
group G contains continuous multiplicative one-parameter subgroups from
A∗r, where 1 ≤ r ≤ 3. If g ∈ (W
MN)α,β and g 6= e, then g is of infinite order,
since w0 does not belong to g
n for each n 6= 0 non-zero integer n, where
w0(M) = {y0}.
This holonomy induces a map h : (PME)α,β/Q → Hom
α
β((S
ME)α,β , G
k)
with values in the family of homomorphisms of class Cαβ from (S
ME)α,β
into Gk, where Q is an equivalence relation caused by the transitive action
of Diffα
′
β (N) such that (S
ME)α,β with distinct marked points {s0,q : q =
1, ..., k} in M and either y0 or y˜0 in N are isomorphic, since there exists
ψ ∈ Diffα
′
β (N) such that ψ(y0) = y˜0.
If G is commutative, then this map is the homomorphism, since (SME)α,β
is the commutative monoid for a commutative groupG (see Theorem 3 in Sec-
tion 3 [15]) and uPγˆ1,v1(x1)Pγˆ2,v2(x2) = uPγˆ2,v2(x2)Pγˆ1,v1(x1) for each x1, x2 ∈
Mˆ and u, v1, v2 ∈ Ey0. We have the embedding (S
ME)α,β →֒ (W
ME)α,β.
Thus a homomorphism θ : (WME)α,β → G
k has the restriction on (SME)α,β
which is also the homomorphism.
7
For G ⊃ A∗r there exists a family of f ∈ Hom
α
β((S
ME)α,β, G
k) separating
elements of the wrap monoid (SME)α,β, hence there exists the embedding of
(SME)α,β into Hom
α
β((S
ME)α,β, G
k). The bundle (PME)α,β×
θG→ Nk has
the induced parallel transport structure Pθ. The holonomy of the parallel
transport structure on (PMN)α,β ×
θ G → Nk is θ. Therefore, the map
Cαβ ((S
ME)α,β, G
k) ∋ θ 7→ Pθ is inverse to h.
8. Embeddings of wrap groups and normal subgroups. Suppose
that
(E1) there are embeddings M¯2 →֒ M¯1 and M¯ = M¯1 \ (M¯2 \ M¯2,f ) and
Mˆ2 →֒ Mˆ1 and Mˆ = Mˆ1 \ (Mˆ2 \ Mˆ2,f ) and N2 →֒ N1 for C
α
β -manifolds with
the same marked points {s0,q : q = 1, ..., k} for M¯1 and M¯2 and M¯ and
y0 ∈ N2 satisfying conditions of §§1 and 2 in Section 3 [15] and
(E2) G2 is a closed subgroup in G1 with a complete relative to its uni-
formity principal fiber bundle E with a structure group G1. Moreover, we
suppose that atlases of all embedded pairs of manifolds A →֒ B are consistent
in the following sense.
(E3) Each chart U of A is contained in some chart V of B so that there
exists a Cαβ embedding θU,V : φU(U) →֒ φV (V ) ⊂ XB, where
(E4) φU : U → φU(U) and φV : V → φV (V ) are homeomorphisms,
(E5) φU(U) and φV (V ) are K convex in XB, where XB is a complete
locally K convex space. Moreover,
(E6) there exists a topological Schauder basis {ej : j ∈ J} in XB, where
J is a set. Suppose also that
(E7) for each point x0 ∈ θU,V (φU(U)) either (x0 + ejK) ∩ θU,V (φU(U)) is
clopen in φV (V ) ∩ (x0 + ejK) or a singleton is. That is this consistency of
atlases is satisfied for pairs (M¯2, M¯1), (Mˆ2, Mˆ1) and (N2, N1). Suppose also
that
(E8) manifolds Mˆ1 and M¯1 are finite dimensional over K.
Theorem. 1. Then (WM2,{s0,q:q=1,...,k}E;N2, G2,P)α,β has an embedding
as a closed subgroup into (WM1,{s0,q:q=1,...,k}E;N1, G1,P)α,β.
2. The wrap group (WM2,{s0,q :q=1,...,k}E;N,G2,P)α,β is normal in
(WM1,{s0,q:q=1,...,k}E;N,G1,P)α,β if and only if G2 is a normal subgroup in
G1.
3. In the latter case (WME;N,G,P)α,β is isomorphic with
(WM1E;N,G1,P)α,β/(W
M2E;N,G2,P)α,β, where G = G1/G2.
Proof. 1. Manifolds M¯1 and M¯2 are finite dimensional over the field K.
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Each finite dimensional vector space over the field K is isomorphic with Kn
for some natural number n ∈ N. Therefore, M¯1 and M¯2 have disjoint clopen
atlases refining their initial atlases. Without loss of generality we can take
such atlases.
We recall that a system of K linearly independent vectors {ej : j ∈ J} is
called a topological basis in a topologicalK vector space X , if each x ∈ X can
be decomposed as a limit of finite K linear combinations of elements ej with
components aj = ζj(x) ∈ K of x, where each ζj(x) is a K linear functional
on X , x = lim
∑
j ζj(x)ej . A topological basis {ej : j ∈ J} with continuous
K linear functionals ζj : X → K for each j ∈ J is called a Schauder basis of
X .
For manifolds Mˆ1 and M¯1 a vector space X on which they are modeled
is finite dimensional over K by the supposition of this theorem.
Moreover, φU(U) can be presented as a disjoint union φU(U) =
⋃
j Aj of
balls clopen in xj + spanK{ek1(j), ..., ekm(j)}, where m = n2 is a dimension
of φU(U) over K, k1(j), ..., km(j) are pairwise different natural numbers in
{1, ..., n1}, n1 is a dimension of φV (V ) over K, since φU(U) and φV (V ) satisfy
Conditions (E3−E8).
Each complete locally K convex space Y is a projective limit of Banach
spaces Yξ over K, where ξ ∈ ΛY , ΛY is a directed set [18]. If Y has a
topological Schauder basis, then each Yξ has a topological Schauder basis
{ej,ξ : j ∈ Jξ}, where Jξ is a set. A function f : Mˆ1 → Y is of C
α
β class if
and only if πξ ◦ f : Mˆ1 → Yξ is of C
α
β class for each ξ, where πξ : Y → Yξ
is the quotient mapping. Pointwise we have a decomposition πξ ◦ f(x) =
lim
∑
j fj,ξ(x)ej,ξ, where fj,ξ(x) = ζj,ξ(f(x)), x ∈ Mˆ1, ζj,ξ = π ◦ ζj. If each fj,ξ
is of Cαβ class, then πξ ◦ f is of C
α
β class.
If f : T → K is a Cαβ function from a clopen subset T in K
m into K or
XN , then it has a C
α
β extension on K
m taking f |(Km\T ) = g, where g is a
Cαβ function on K
m \ T , since the latter set is also clopen in Km (see §2 in
Section 2 [15]). If T is a singleton in K, then evidently a locally constant or
some other Cαβ extension from T on K exists.
Thus we get Cαβ extensions from Aj on Bj, where Bj is clopen in XM1 ,
Bj∩(xj+spanK{ek1(j), ..., ekm(j)}) = θU,V (Aj) for each j,
⋃
j Bj = φV (V ), due
to Theorem 40 [11] for the finite dimensional over K space X for functions
with values in XN1 , where XN1 is a K vector space on which N1 is modeled.
Combining these disjoint clopen coverings and mappings on them we get a
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Cαβ extension from M2 onto M1 . Therefore, if γˆ2 ∈ C
α
β (Mˆ2, N2), then it
has a Cαβ extension to γˆ1 ∈ C
α
β (Mˆ1, N1), since these manifolds are totally
disconnected and their atlases are consistent.
Thus the parallel transport structure Pγˆ1,u over Mˆ1 serves as an exten-
sion of Pγˆ2,u over Mˆ2. The uniform spaces C
α
β (M¯j , {s0,1, ..., s0,k};Wj, y0) are
complete for j = 1, 2, since the principal fiber bundle E is complete rela-
tive to its uniformity and the corresponding principal fiber sub-bundle E2
with the structure group G2 is also complete (see Theorem 8.3.6 [3]). There-
fore, Cαβ (M¯2, {s0,1, ..., s0,k};W2, y0) has embedding as the closed subspace into
Cαβ (M¯1, {s0,1, ..., s0,k};W1, y0). Using Theorem 40 [11] as above we infer that
each Cαβ diffeomorphism of M¯2 has an C
α
β extension to a diffeomorphism of
M¯1. From the condition that G2 is a closed subgroup in G1 we infer that
(SM2,{s0,q:q=1,...,k}E;N2, G2,P)α,β has an embedding as a closed sub-monoid
into (SM1,{s0,q:q=1,...,k}E;N1, G1,P)α,β and inevitably (W
M2,{s0,q :q=1,...,k}E;N2, G2,P)α,β
has an embedding as a closed subgroup into (WM1,{s0,q:q=1,...,k}E;N1, G1,P)α,β
due to Theorem 6.1 in Section 3 [15].
2. The groups (WMj ,{s0,q:q=1,...,k}N)α,β for j = 1, 2 are commutative and
(WMj ,{s0,q:q=1,...,k}E)α,β is theG
k
j principal fiber bundle on (W
Mj ,{s0,q:q=1,...,k}N)α,β
(see Theorem 6.2 in Section 3 [15] and Proposition 6.1 above). Therefore,
(WM2,{s0,q:q=1,...,k}E)α,β is the normal subgroup in (W
M1,{s0,q:q=1,...,k}E)α,β if
and only if G2 is the normal subgroup in G1.
3. Consider the principal fiber bundle E(N,G, π,Ψ) with the structure
group G (see Section 2.6 [15]) and the parallel transport structure P for
the Cαβ pseudo-manifold Mˆ , where G = G1/G2 is the quotient group. If
γˆ1 ∈ C
α
β (Mˆ1, N), then γˆ1 is the combination
(i) γˆ1 = γˆ2∇γˆ,
where γˆ2 and γˆ are restrictions of γˆ1 on Mˆ2 and Mˆ respectively. We also have
that each γˆ ∈ Cαβ (Mˆ,N) has an extension γˆ1 ∈ C
α
β (Mˆ1, N). The manifold
Mˆ1 is metrizable by a metric ρ. For each ǫ > 0 there exists ψ ∈ Diff
α
β,0(Mˆ1)
such that (ψ(Mˆ)∩ Mˆ2) ⊂
⋃s
l=1B(Mˆ1, xl, ǫ) for some xl ∈ Mˆ1 with l = 1, ..., s
and s ∈ N and ψ|Mˆ1\(Mˆ
⋃s
l=1
B(Mˆ1,xl,ǫl))
= id, since Mˆ1 and Mˆ2 are finite
dimensional manifolds, where B(Mˆ1, x, R) denotes a ball in Mˆ1 containing a
point x and of radius 0 < R, 0 < ǫl < ∞. Therefore, a using charts of the
manifolds gives
< Pγˆ,u|M >α,β=< Pγˆ1,u|M1 >α,β / < Pγˆ2,u|M2 >α,β
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due to decomposition (i), since Pγˆ,u|Mj ∈ Gj for j = 1, 2 and G = G1/G2
is the Cα
′
β quotient group with α
′ ≥ α. Consequently, (WME;N,G,P)α,β is
isomorphic with
(WM1E;N,G1,P)α,β/(W
M2E;N,G2,P)α,β (see also §§3, 6 in Section 3 [15]).
9. Corollary. Let suppositions of Theorem 8 be satisfied. Then the group
(WMN)α,β is isomorphic with the quotient group (W
M1N)α,β/(W
M2N)α,β.
Proof. For (WMN)α,β taking G = G1 = G2 = {e} we get the statement
of this corollary from Theorem 8.3.
10. Proposition. Suppose that M¯ = M¯1 ∨ M¯2, where M¯1 and M¯2
are Cαβ differentiable spaces satisfying Conditions 2.6, 3.1 and 3.2 [15] with
the bunch taken by marked points {s0,q : q = 1, ..., k}, then (W
MN)α,β is
isomorphic with the internal direct product (WM1N)α,β ⊗ (W
M2N)α,β.
Proof. The Cαβ differentiable space M¯ has marked points {s0,q : q =
1, ..., k} such that s0,q corresponds to s0,q,1 glued with s0,q,2 in the bunch
M¯1 ∨ M¯2 for each q = 1, ..., k, where s0,q,j ∈ M¯j are marked points j = 1, 2.
Each M¯j satisfies Conditions 3.1(S1 − S5) and 3.2 in [15], then M satisfies
them also. Each Cα,w0β,0 function on M¯1 in M¯ has a C
α,w0
β,0 extension as w0
on M2. Due to the initial conditions at marked points s0,q, q = 1, ..., k, it
has a Cα,w0β,0 extension on M¯2 and thus on the entire M¯ also. Therefore,
quite analogously to §8 (WMj ,{s0,q:q=1,...,k}N)α,β has an embedding as a closed
subgroup into (WM,{s0,q:q=1,...,k}N)α,β for j = 1, 2. If γj ∈ C
α
β ((M¯j , {s0,q :
q = 1, ..., k}); (N, y0)) for j = 1, 2, then γ1 ∨ γ2 ∈ C
α
β ((M¯, {s0,q : q =
1, ..., k}); (N, y0)). At the same time each γ ∈ C
α
β ((M¯, {s0,q : q = 1, ..., k}); (N, y0))
has the decomposition γ = γ1 ∨ γ2, where γj = γ|M¯j for j = 1, 2. There-
fore, < γ >α,β=< γ1 ∨ w0,2 >α,β ∨ < w0,1 ∨ γ2 >α,β, where w0(M) = {y0},
w0,j = w0|Mj for j = 1, 2, hence (W
MN)α,β is isomorphic with (W
M1N)α,β ⊗
(WM2N)α,β .
11. Propositions. 1. Let θ : N1 → N be an embedding with θ(y1) = y0,
or F : E1 → E be an embedding of principal fiber bundles over Ar such that
π◦F |N1×e = θ◦π1, then there exist embeddings θ∗ : (W
MN1)α,β → (W
MN)α,β
and F∗ : (W
ME1)α,β → (W
ME)α,β.
2. If θ : N1 → N and F : E1 → E are a quotient mapping and a quotient
homomorphism such that N1 is a covering C
α
β differentiable space of a C
α
β
differentiable space N satisfying conditions of §2.6 [15], then (WMN)α,β is
the quotient group of some closed subgroup in (WMN1)α,β and (W
ME)α,β is
the quotient group of some closed subgroup in (WME1)α,β.
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3. If there are a Cαβ diffeomorphism f1 : M → M1 and an C
α′
β -isomorphism
f2 : E → E1, then wrap groups (W
M1E1)α,β and (W
ME)α,β are isomorphic.
Proof. 1. If γ1 ∈ C
α
β ((M¯, {s0,q : q = 1, ..., k}); (N1, y1)), then θ ◦ γ1 =
γ ∈ Cαβ ((M¯, {s0,q : q = 1, ..., k}); (N, y0)), < γ >α,β= θ∗ < γ1 >α,β, where
θ∗ < γ1 >α,β:= {θ ◦ f : fKα,βγ1}. In addition F |E1,v gives an embedding F :
G1 → G, where G1 and G are structural groups of E1 and E correspondingly.
Therefore, for the parallel transport structures we get
(1) F ◦P1γˆ1,v(x) = Pγˆ,u(x)
for each x ∈ Mˆ , where F (v) = u, π ◦ F = θ ◦ π1, where P
1 is for E1 and
P for E. Define F∗ < P
1
γˆ1,v
>α,β:= {F ◦ g : gKα,βP
1
γˆ1,v
}. Since θ and
F are Cαβ differentiable mappings, then θ∗ and F∗ are embeddings of C
α
β
differentiable spaces and group homomorphisms of C lβ differentiable groups
(see also Theorems 6 in Section 3 [15]).
2. By the conditions of this theorem N1 is a covering of N , that is each
y ∈ N has a neighborhood Vy for which θ
−1(Vy) is a disjoint union of open
subsets in N1. If an open covering V of M¯ and a function f ∈ C
α
β (M¯,N)
are such that for each ν ∈ V there exist y ∈ N and Vy as above for which
the embedding f(ν) ⊂ Vy is satisfied, then f1 ∈ C
α
β (M¯,N1) exists so that
θ ◦ f1 = f . If γ ∈ C
α
β ((M¯, {s0,q : q = 1, ..., k}); (N, y0)), then there exists
γ1 ∈ C
α
β ((M¯, {s0,q : q = 1, ..., k}); (N1, y1)) such that θ ◦ γ1 = γ. This
γ1 evidently exists due to total disconnectedness of M¯ and γ(M¯) and the
choice axiom [3], where γ(M¯) ⊂ N . To each parallel transport in E1 there
corresponds a parallel transport in E so that Equation (1) above is satisfied.
Put θ−1∗ < γ >α,β= {< γ1 >α,β: θ ◦ γ1 = γ} and F
−1
∗ < Pγˆ,u >α,β:= {<
P1γˆ1,v >α,β: F ◦P
1
γˆ1,v
= Pγˆ,u}, where F (v) = u.
Thus we obtain quotient mappings θ∗ and F∗ from closed subgroups
θ−1∗ (W
MN)α,β and F
−1
∗ (W
ME)α,β in (W
MN1)α,β and (W
ME1)α,β respec-
tively onto (WMN)α,β and (W
ME)α,β by closed subgroups θ
−1
∗ (e) and F
−1
∗ (e)
correspondingly.
3. We have that g ∈ Cαβ (M¯, {s0,q : q = 1, ..., k};W, y0) if and only if
f2 ◦ g ◦ f
−1
1 ∈ C
α
β (M¯1, {s0,q,1 : q = 1, ..., k};W1, y1), where f1(s0,q) = s0,q,1
for each q = 1, ..., k, f2(y0 × e) = y1 × e. At the same time ψ ∈ Di
α
β(M¯)
if and only if f1 ◦ ψ ◦ f
−1
1 ∈ Di
α
β(M¯1) (see also §3.2 [15]). Hence (S
ME)α,β
is isomorphic with (SM1E1)α,β and inevitably wrap groups (W
ME)α,β and
(WM1E1)α,β are C
α
β diffeomorphic as differentiable spaces and isomorphic as
C lβ groups.
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12. Note. Let G be a topological group not necessarily associative, but
alternative:
(A1) g(gf) = (gg)f and (fg)g = f(gg) and g−1(gf) = f and (fg)g−1 = f
for each f, g ∈ G
and having a conjugation operation which is a continuous automorphism of
G such that
(C1) conj(gf) = conj(f)conj(g) for each g, f ∈ G,
(C2) conj(e) = e for the unit element e in G.
If G is of definite class of smoothness, for example, Cαβ differentiable,
then conj is supposed to be of the same class. For a commutative group
in particular the identity mapping as the conjugation can be taken. For
G = A∗r the usual conjugation conj(z) = z˜ can be taken for each z ∈ A
∗
r,
where 1 ≤ r ≤ 3.
Suppose that
(A2) Gˆ = Gˆ0u0 ⊕ Gˆ1u1 ⊕ ...⊕ Gˆ2r−1u2r−1 such that G is a multiplicative
group of a ring Gˆ with the multiplicative group structure, where Gˆ0, ..., Gˆ2r−1
are pairwise isomorphic commutative associative rings and {u0, ..., u2r−1} are
generators of the Cayley-Dickson algebra Ar over a commutative field K,
1 ≤ r ≤ 3 and (ylul)(ysus) = (ylys)(ulus) is the natural multiplication of any
pure states in G for yl ∈ Gl. For example, G = (A
∗
r)
n and Gˆ = Anr .
13. Lemma. If G and K are two topological or differentiable groups
twisted over {u0, ..., u2r−1} satisfying conditions 12(A1, A2, C1, C2) and K is
a closed normal subgroup in G, where 2 ≤ r ≤ 3, then the quotient group is
topological or differentiable and twisted over {u0, ..., u2r−1}.
Proof. By the conditions of this lemma Gˆ = Gˆ0u0 ⊕ Gˆ1u1 ⊕ ... ⊕
Gˆ2r−1u2r−1, where Gˆ0, ..., Gˆ2r−1 are pairwise isomorphic. Then Gˆ/Kˆ = (Gˆ0/Kˆ0)u0⊕
...⊕(Gˆ2r−1/Kˆ2r−1)u2r−1 is also twisted. Each Gˆj is associative, hence G/K is
alternative, since 2 ≤ r ≤ 3 and using multiplicative properties of generators
of the Cayley-Dickson algebra Ar. On the other hand, conj(K) = K, hence
conj(gK) = Kconj(g) = conj(g)K ∈ G/K and conj(ghK) = conj(gh)K =
(conj(h)conj(g))K = (conj(h)K)(conj(g)K) = conj(hK)conj(gK) = conj(gKhK).
The subgroup K is closed in G,
We recall the following definitions. If G1 and G2 are two differentiable
groups, then their product is supplied with the less fine plot structure for
which canonical projections π1 : G→ G1 and π2 : G→ G2 are differentiable
morphisms. That is a family P of plots of G is such that πj ◦ P is an initial
family Pj of plots of Gj for j = 1 and j = 2. For differentiable groups as
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usually P and Pj are preserved relative to the inversions and multiplications
in G and Gj respectively.
If G and F are two differentiable groups with families of plots P = PG
and PF an algebraic morphism θ : F → G is a differentiable morphism if for
each h ∈ PF the inclusion θ ◦ h ∈ PG follows.
For two groups G and F with an algebraic embedding θ : F →֒ G we
supply F with an induced differentiable structure so that a family of plots
PF of F is the less fine for which θ is a differentiable morphism.
If G is a differentiable group and F is its algebraically normal subgroup,
we supply the quotient group G/F with a differentiable structure so that
PG/F is the most fine plot structure for which the quotient mapping θ : G→
G/F is a differentiable morphism.
Thus by the definition of the quotient differentiable structure G/K is the
differentiable group.
14. Proposition. Let η : N1 → N2 be a C
α′
β -retraction of C
α′
β dif-
ferentiable spaces, N2 ⊂ N1, η|N2 = id, y0 ∈ N2, where α
′ ≥ α, M¯ is an
Cαβ differentiable space, E(N1, G, π,Ψ) and E(N2, G, π,Ψ) are principal C
α′
β
bundles with a structure group G satisfying conditions of §§1, 2 in Section 3
[15]. Then η induces the group homomorphism η∗ from (W
ME;N1, G,P)α,β
onto (WME;N2, G,P)α,β.
Proof. Due to Proposition 6(1) the wrap group (WME;N1, G,P)α,β is
the principalGk bundle over (WMN1)α,β. We extend η to ϑ : E(N1, G, π,Ψ)→
E(N2, G, π,Ψ) such that π2 ◦ ϑ = η ◦ π1 and pr2 ◦ ϑ = id : G → G, where
pr2 : Ey → G is the projection, y ∈ N1, η(N1) = N2. If f ∈ C
α
β (M¯,N1), then
η◦f := η(f(∗)) ∈ Cαβ (M¯,N2). If f(s0,q) = y0, then η(f(s0,q)) = y0, since y0 ∈
N2. From the inclusion N2 ⊂ N1 we deduce that C
α
β (M¯,N2) ⊂ C
α
β (M¯,N1).
The parallel transport structure P is given over the same differentiable space
M¯ .
Put η∗(< Pγˆ,u >α,β) =< Pη◦γˆ,u >α,β, where γˆ : Mˆ → N1. In accor-
dance with Theorems 2.3 and 2.6 in Section 3 [15] η∗(< Pγˆ1,u ∨Pγˆ2,u >α,β=
η∗(< Pγˆ1,u >α,β)η∗(< Pγˆ2,u >α,β), and we can put η∗(q
−1) = [η∗(q)]
−1, conse-
quently, η∗ is the group homomorphism. Moreover, for each g ∈ (W
ME;N2, G,P)α,β
there exists q ∈ (WME;N1, G,P)α,β such that η∗(q) = g, since γ : M¯ → N2
and N2 ⊂ N1 imply γ : M¯ → N1. On the other hand, the structure group G
is the same, hence η∗ is the epimorphism.
15. Definition. Suppose that G is a topological group satisfying Con-
ditions 12(A1, A2, C1, C2) such that G is a multiplicative group of the ring
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Gˆ, where 1 ≤ r ≤ 2. We define a smashed product Gs such that it is a
multiplicative group of the ring Gˆs := Gˆ ⊗l Gˆ, where l = u2r denotes the
doubling generator, a multiplication in Gˆ⊗l Gˆ is given by the formula:
(1) (a+ bl)(c+ vl) = (ac− v∗b) + (va+ bc∗)l for each a, b, c, v ∈ Gˆ, where
v∗ = conj(v).
In this relation it is worth to mention that Ar with r ≤ 3 is the division
algebra. For matrices with entries in Ar the Gauss’ algorithm is valid, so
matrices have ranks by rows and columns which coincide and so a dimension
over Ar is defined [1].
A smashed product M1⊗lM2 of C
α
β differentiable manifolds M1,M2 over
Ar with dimAr(M1) = dimAr(M2) is defined to be an Ar+1 differentiable
manifold with local coordinates z = (x, yl) of class Cαβ , where x in M1 and y
in M2 are local coordinates.
Its existence and detailed description are demonstrated below.
16. Proposition. The ring Gˆs from §15 has a multiplicative group
Gs containing all a + bl 6= 0 with a, b ∈ Gˆ. If Gˆ is a topological or Cαβ
differentiable ring over Ar, then Gˆ
s is a topological or Cαβ differentiable over
Ar+1 ring.
Proof. If 1 ≤ r ≤ 2 then a group G is associative, since the generators
{u0, ..., u2r−1} form the associative group, when r ≤ 2. An element a +
bl ∈ Gˆs is non-zero if and only if (a + bl)(a + bl)∗ = aa∗ + bb∗ 6= 0 due to
12(A1, A2, C1, C2) and 15(1). For a+bl 6= 0 we put u = (a∗−lb∗)/(aa∗+bb∗),
where aa∗ + bb∗ ∈ G0, hence u(a + bl) = (a + bl)u = 1 ∈ G0, since Gj is
commutative for each j = 0, ..., 2r − 1, where Gj denotes the multiplicative
group of the ring Gˆj. The family of generators {u0, ..., u2r+1−1} for r ≤ 2 forms
the alternative group, hence Gˆs = Gˆ0u0 ⊕ ...⊕ Gˆ2r+1−1u2r+1−1 is alternative,
where Gˆj are isomorphic with Gˆ0 for each j.
If an operation of the addition in Gˆ is continuous, then evidently (a+bl)+
(c+ql) = (a+c)+(b+q)l is continuous. If an operation of the multiplication
in Gˆ is continuous, then Formula 15(1) shows that the multiplication in Gˆs
is continuous as well.
We have the decomposition Ar+1 = Ar ⊕ Arl. If Gˆ is C
α
β differentiable,
then from the definition of plots it follows, that Gˆs is Cαβ differentiable over
Ar+1 (see also in details 17(1− 5)).
17. Theorem. Let M¯1, M¯2 and N1, N2 be C
α
β differentiable mani-
folds over Ar with 1 ≤ r ≤ 2, and let G be a group satisfying Conditions
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12(A1, A2, C1, C2). Suppose also that M¯1 ⊗l M¯2, N1 ⊗l N2 are smashed
products of differentiable manifolds and Gs is a smashed product group (see
Proposition 16), where dimAr(M¯1) = dimAr(M¯2), dimAr(N1) = dimAr(N2).
Then the wrap group
(WM1⊗lM2;{s0,j,1⊗ls0,v,2:j=1,...,k1;v=1,...,k2}E;N1⊗lN2, G
s,Ps)α,β is twisted over
{u0, ..., u2r+1−1} and is isomorphic with the smashed product
(WM2;{s0,v,2:v=1,...,k2}E;N1, (W
M1;{s0,j,1:j=1,...,k1}E;N1, G,P1)α,β,P2)α,β⊗l
(WM2;{s0,v,2:v=1,...,k2}E;N2, (W
M1;{s0,j,1:j=1,...,k1}E;N2, G,P1)α,β,P2)α,β
of twice iterated wrap groups twisted over {u0, ..., u2r−1}.
Proof. Let Mb and Nb be C
α
β differentiable manifolds over Ar with 1 ≤
r ≤ 2, b = 1, 2 and let G be a group satisfying Conditions 12(A1, A2, C1, C2)
such that E(Nb, G, π,Ψ) is a principal G-bundle. We consider the smashed
products M¯1⊗l M¯2, N1⊗lN2 of C
α
β differentiable manifolds and the smashed
product group Gs (see Proposition 16). For At(M¯b) = {(Uj,b, φj,b) : j} an
atlas of M¯b its connecting mappings φj,b ◦ φ
−1
k,b are C
α
β functions over Ar for
Uj,b ∩ Uk,b 6= ∅, where φj,b : Uj,b → Ar are homeomorphisms of Uj,b onto
φj,b(Uj,b). Then M¯1 ⊗l M¯2 consists of all points (x, yl) with x ∈ M¯1 and
y ∈ M¯2, with the atlas At(M¯1 ⊗l M¯2) = {(Uj,1 ⊗l Uq,2, φj,1 ⊗l φq,2) : j, q}
such that φj,1 ⊗l φq,2 : Uj,1 ⊗l Uq,2 → A
m
r+1, where m is a dimension of M¯1
over Ar. Express for z = x + yl ∈ Ar+1 with x, y ∈ Ar numbers x, y in
the z representation. Then we denote by θj,q mappings corresponding to
φj,1 ⊗l φq,2 in the z representation. Thus the transition mappings θj,q ◦ θ
−1
k,n
are Cαβ differentiable overK, when (Uj,1⊗lUq,2)∩(Uk,1⊗lUn,2) 6= ∅. Therefore,
M¯1 ⊗l M¯2 and N1 ⊗l N2 are C
α
β differentiable manifolds over Ar+1.
Each Cαβ function f(x, y) = f1(x, y) + f2(x, y)l by x ∈ U and y ∈ V is of
class Cαβ by variables over K and takes values in XN ⊕XN l over Ar+1, where
U and V are open in XM , fb(x, y) is a C
α
β function with values in XN over
Ar, b = 1, 2. If z ∈ Ar+1, then
(1) z = v0u0+...+v2r+1−1u2r+1−1, where vj ∈ K for each j = 0, ..., 2
r+1−1,
(2) v0 = (z + (2
r+1 − 2)−1{−z +
∑2r+1−1
j=1 uj(zu
∗
j )})/2,
(3) vs = (us(2
r+1 − 2)−1{−z +
∑2r+1−1
j=1 uj(zu
∗
j )} − zus)/2 for each s =
1, ..., 2r+1 − 1, where z∗ = z˜ denotes the conjugated Cayley-Dickson number
z. At the same time we have for z = x+ yl with x, y ∈ Ar, that
(4) x = v0u0 + ...+ v2r−1u2r−1 and
(5) y = (v2ru2r + ...+ v2r+1−1u2r+1−1)l
∗,
where l = u2r denotes the doubling generator. Therefore, using Formulas
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(1− 5) we get, that f(x, y) is Cαβ differentiable over K.
Then E(N1⊗lN2, G
s, πs,Ψs) is naturally isomorphic with E(N1, G, π1,Ψ1)⊗l
E(N2, G, π2,Ψ2), where π
s = π1 ⊗ π2l : E(N1 ⊗l N2, G
s, πs,Ψs) → N1 ⊗l N2
is the natural projection.
If γ : M¯1 ⊗l M¯2 → N1 ⊗l N2 is an C
α
β mapping, then γ(z) = γ1(x, y) ×
γ2(x, y)l, where x ∈ M¯1 and y ∈ M¯2, z = (x, yl) ∈ M¯1⊗lM¯2, γb : M¯1⊗lM¯2 →
Nb. We can write γb(x, y) as (γb,1(x))(y) a family of functions by x and a
parameter y or as (γb,2(y))(x) a family of functions by y with a parameter x.
If ηb,a : M¯a → Nb, then Pηˆb,a,ub,a denotes the parallel transport structure on
M¯a over E(Nb, G, πb,Ψb).
Then we obtain
Psγˆ,u(z) = [Pγˆ1,1,u1;1(x)][Pγˆ1,2,u1;2(y)]⊗l[Pγˆ2,1,u2;2(x)][Pγˆ2,2,u2;2(y)] ∈ Ey0(N1⊗l
N2, G
s, πs,Ψs)
is the parallel transport structure in M¯1⊗l M¯2 induced by that of in M¯1 and
M¯2, where u ∈ Ey0(N1⊗lN2, G
s, πs,Ψs), u = u1⊗lu2, ub ∈ Ey0,b(Nb, G, πb,Ψb),
y0,b ∈ Nb is a marked point, b = 1, 2, y0 = y0,1⊗l y0,2. Thus P
s is Gs equivari-
ant. Therefore, the formula < Psγˆ,u >α,β=< Pγˆ1,u1 >α,β ⊗l < Pγˆ2,u2 >α,β=<
[Pγˆ1,1,u1;1(x)][Pγˆ1,2,u1;2(y)] >α,β ⊗l < [Pγˆ2,1,u2;2(x)][Pγˆ2,2,u2;2(y)] >α,β, where
Pγˆb,ub produces the parallel transport structure in M¯1⊗lM¯2 over E(Nb, G, πb,Ψb),
b = 1, 2.
Hence the group (WM1⊗lM2;{s0,j,1⊗ls0,v,2:j=1,...,k1;v=1,...,k2}E;N1⊗lN2, G
s,Ps)α,β
is isomorphic with the smashed product
(WM2;{s0,v,2:v=1,...,k2}E;N1, (W
M1;{s0,j,1:j=1,...,k1}E;N1, G,P1)α,β,P2)α,β⊗l
(WM2;{s0,v,2:v=1,...,k2}E;N2, (W
M1;{s0,j,1:j=1,...,k1}E;N2, G,P1)α,β,P2)α,β
of iterated wrap groups.
18. Theorem. A homomorphism of iterated wrap groups θ : (WME)a;∞,β⊗
(WME)b;∞,β → (W
ME)a+b;∞,β exists for each a, b ∈ N, where G is a C
∞
β
group, E(N,G, π,Ψ) is a principal C∞β bundle with a structure group G.
Moreover, if G is either associative or alternative, then the homomorphism
θ is either associative or alternative correspondingly.
Proof. We consider iterated wrap groups (WME)a;∞,β as in §3, a ∈ N. If
γa : M¯
a → N , γb : M¯
b → N are C∞β mappings such that γb(s0,j1×...×s0,jb) =
y0 for each jl = 1, ..., k and l = 1, ..., b, then γ := γa × γb : M¯
a × M¯ b →
N × N = N2, where M¯a × M¯ b = M¯a+b, s0,j are marked points in M with
j = 1, ..., k and y0 is a marked point in N , C
∞
β =
⋂
α∈NC
α
β . This gives the
iterated parallel transport structure Pγˆ,u;a+b(x) := Pγˆa,ua;a(xa) ⊗ Pγˆb,u;b(xb)
on M¯a+b over E(N2, G2, π,Ψ), where ub ∈ Ey0(N,G, π,Ψ), u = ua × ub ∈
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Ey0×y0(N
2, G2, π,Ψ).
The bunch M¯ b ∨ M¯ b is taken by points sj1,...,jb in M¯
b, where sj1,...,jb :=
s0,j1 × ... × s0,jb with j1, ..., jb ∈ {1, ..., k}; s0,j are marked points in M¯ with
j = 1, ..., k. Then the differentiable space (M¯a∨M¯a)×(M¯ b∨M¯ b)\{sj1,...,ja+b :
jl = 1, ..., k; l = 1, ..., a + b} is C
α
β homeomorphic with M¯
a+b ∨ M¯a+b \
{sj1,...,ja+b : jl = 1, ..., k; l = 1, ..., a+ b}, since sj1,...,ja × sja+1,...,ja+b = sj1,...,ja+b
for each j1, ..., ja+b. We have also the embedding Di
∞
β (M¯
a) × Di∞β (M¯
b) →֒
Di∞β (M¯
a+b) for each a, b ∈ N (see also §3.2 [15]). If fa ∈ Di
∞
β (M¯
a) having a
restriction fa|Ka = id, then fa × fb ∈ Di
∞
β (M¯
a+b) and fa × fb|Ka×Kb = id for
Ka ⊂M
a. Put
θ(< Pγˆa,ua;a >K,∞,β;a, < Pγˆb,ub;b >K,∞,β;b) =
<< Pγˆa,ua;a >K,∞,β;a ⊗ < Pγˆb,ub;b >K,∞,βb>K,∞,β;a+b,
so it is the group homomorphism, where the detailed notation < ∗ >K,α,β;a
means the equivalence class over the differentiable space M¯a instead of M¯ ,
a ∈ N.
Therefore, < Pγˆ∨ηˆ,u;a+b >K,∞,β;a+b:=
<< Pγˆa∨ηˆa,ua;a >K,∞,β;a ⊗ < Pγˆb∨ηˆb,ub;b >K,∞,β;b>K,∞,β;a+b
=< (< Pγˆa,ua;a >K,∞,β;a< Pηˆa,ua;a >K,∞,β;a)⊗(< Pγˆb,ub;b >K,∞,β;b< Pηˆb,ub;b >K,∞,β;b
) >K,∞,β;a+b
=< (< Pγˆa,ua;a >K,∞,β;a ⊗ < Pγˆb,ub;b >K,∞,β;b)(< Pηˆa,ua;a >K,∞,β;a ⊗ <
Pηˆb,ub;b >K,∞,β;b) >K,∞,β;a+b
=<< Pγˆa,ua;a >K,∞,β;a ⊗ < Pγˆb,ub;b >K,∞,β;b>K,∞,β;a+b<< Pηˆa,ua;a >K,∞,β;a
⊗ < Pηˆb,ub;b >K,∞,β;b>K,∞,β;a+b
= θ(< Pγˆa,ua;a >K,∞,β;a, < Pγˆb,ub;b >K,∞,β;b)θ(< Pηˆa,ua;a >K,∞,β;a, < Pηˆb,ub;b >K,∞,β;b
).
Thus θ is the group homomorphism.
The mapping C∞β (M¯
a, N)×C∞β (M¯
b, N) ∋ (γa×γb) 7→ (γa, γb) ∈ C
∞
β (M¯
a+b, N2)
is of C∞β class. The multiplication in the group G
v is defined by the formula:
(a1, ..., av)× (b1, ..., bv) = (a1b1, ..., avbv), where G
v is the v times direct prod-
uct of G, a1, ..., av, b1, ..., bv ∈ G. Therefore, the multiplication in G
v is C∞β
smooth for each v ∈ N, since it is such in G.
The iterated wrap group (WME)l;α,β for the bundle E is the principal
Gkl bundle over the iterated commutative wrap group (WMN)l;α,β for the
manifold N , since the number of marked points in M l is kl, where E is the
principal G bundle on the manifold N , l ∈ N. Thus the iterated wrap group
is associative or alternative if such is G. In view of Proposition 6 and §3 the
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homomorphism θ is of C∞β class. From the wrap monoids it has the natural
C∞β extension on wrap groups.
If G is associative, then
< Pγˆ,u;a+b+v >K,∞,β;a+b+v=<< (< Pγˆa,ua;a >K,∞,β;a ⊗ < Pγˆb,ub;b >K,∞,β;b
) >K,∞,β;a+b ⊗ < Pγˆv,uv;v >K,∞,β;v>K,∞,β;a+b+v
=<< Pγˆa,ua;a >K,∞,β;a ⊗(< Pγˆb,ub;b >K,∞,β;b ⊗ < Pγˆv,uv;v >K,∞,β;v) >K,∞,β;a+b+v=
θ(θ(< Pγˆa,ua;a >K,∞,β;a, < Pγˆb,ub;b >K,∞,β;b), < Pγˆv,uv;v >K,∞,β;v)
θ(< Pγˆa,ua;a >K,∞,β;a, θ(< Pγˆb,ub;b >K,∞,β;b), < Pγˆv,uv;v >K,∞,β;v)),
consequently, θ is the associative homomorphism.
If G is alternative, then
< Pγˆ,u;a+a+b >K,∞,β;a+a+b=<< (< Pγˆa,ua;a >K,∞,β;a ⊗ < Pγˆa,ua;a >K,∞,β;a
) >K,∞,β;a+a ⊗ < Pγˆb,ub;b >K,∞,β;v>K,∞,β;a+a+b
=<< Pγˆa,ua;a >K,∞,β;a ⊗(< Pγˆa,ua;a >K,∞,β;a ⊗ < Pγˆb,ub;b >K,∞,β;b) >K,∞,β;a+a+b=
θ(θ(< Pγˆa,ua;a >K,∞,β;a, < Pγˆa,ua;a >K,∞,β;a), < Pγˆb,ub;b >K,∞,β;b) =
θ(< Pγˆa,ua;a >K,∞,β;a, θ(< Pγˆa,ua;a >K,∞,β;a), < Pγˆb,ub;b >K,∞,β;b)).
Thus the homomorphism θ is alternative from the left, analogously it is al-
ternative from the right.
19. Remark. Wrap groups were defined and studied above for fiber
bundles over a field K and algebras Ar with 1 ≤ r ≤ 3 with a topological or
differentiable structure group G which may be of Lie type as well. In par-
ticular this encompasses the case of multiplicative groups G of commutative
algebras such as Hn of diagonal matrices with entries in K, particularly, H4
of quadra numbers.
It is interesting to mention that using an extension F ⊂ K of a field F up
to a field K of a positive characteristic p it is possible to construct a division
algebra of a dimension m = n2 greater than eight over F, where n is a natural
number [1]. The method of construction uses irreducible polynomials over
F. This K may be a finite field Fpk and a locally compact field of fractions
Fpk(θ) over Fpk with an indeterminate θ, where k ∈ N, that was outlined by
Dickson. If such algebra is constructed over Fpk , then it exists over Fpk(θ)
also. Indeed, each irreducible polynomial gl(x) := x
l+cl−1x
l−1+ ...+c1x+c0
with expansion coefficients c0, ..., cl−1 ∈ Fpk , c0 6= 0, is also irreducible over
Fpk(θ), since |cj| = 1 for cj 6= 0 and |cj| = 0 for cj = 0, where | ∗ | is the
multiplicative norm in Fpk(θ) with 0 < |θ| < 1. Each x ∈ Fpk(θ) has the
form x = θN
∑∞
j=0 βjθ
j , where βj = βj(x) ∈ Fpk for each j, β0 6= 0, N ∈ Z,
|x| = |θ|N . Therefore, |gl(x)| = |θ|
Nl for N < 0, since |a + b| ≤ max(|a|, |b|)
for all a, b ∈ Fpk(θ). For N > 0 we get |gl(x) − c0| = |θ|
Nk0, where k0 =
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min{k : ck 6= 0, ck−1 = 0, ..., c1 = 0}, consequently, |gl(x)| = |c0| = 1 and
such x can not be a zero of gl(x). Thus if the polynomial gl(x) has a zero
z ∈ Fpk(θ), then |z| = 1, since c0 6= 0. Consider terms in an expansion of gl(z)
by degrees of θ. For θ0 the corresponding coefficient β0 = β0(gl(z)) should
be equal to zero, hence a zero x0 ∈ Fpk would exist. Thus the polynomial
gl(x) is irreducible over Fpk(θ) also.
Suppose now that R is a ring having two subgroups. One of them G1 is
commutative related with the addition, G1 = (R,+). Another is multiplica-
tive G2 = (R \ {0},×). Particularly, R may be an algebra A over the field
K. We consider the cases of commutative, associative and as well as non-
associative rings and algebras with associative addition in G1 and alternative
multiplication in G2. Suppose that a fiber bundle is given with the structure
ring R or the structure algebra A instead of a group. We suppose also that
with G1 and G2 parallel transport structures 1P and 2P are related. So we
shall say that there is the parallel transport structure P on the principal fiber
bundle E(N,R, π,Ψ) or E(N,A, π,Ψ).
20. Theorem. Wrap groups (WM,{s0,q:q=1,...,k}E;N,R,P)α,β or
(WM,{s0,q:q=1,...,k}E;N,A,P)α,β exist with two C
l
β group’s operations and they
are the principal fiber bundles over the commutative group (WMN)α,β with
the structure ring Rk or the structure algebra Ak respectively, where l = α′−α
for α ≤ α′ <∞ or l =∞ for α′ =∞ (see also Remark 19 above).
Proof. Earlier wrap groups (WM,{s0,q:q=1,...,k}E;N,Gj, jP)α,β for j = 1, 2
for the principal fiber bundles E(N,Gj, πj ,Ψj) having C
l
β group’s opera-
tions were constructed in accordance with Theorem 6 [15]. We consider
θj : Gj →֒ R or θj : Gj →֒ A group embedding of the C
α′
β class of differ-
entiability, j = 1, 2. In view of Proposition 6 above they are the principal
fiber bundles over (WMN)α,β with the structure groups G
k
j . At the same
time the principal fiber bundle E(N,R, π,Ψ) or E(N,A, π,Ψ) is isomorphic
with E((E(N,G2, π2,Ψ2)), G1, π1,Ψ1)/ξ, where the equivalence relation ξ is
induced by the equality θ1(x) = θ2(y) in R or A respectively of the corre-
sponding elements x ∈ G1 and y ∈ G2. Then we put
(WM,{s0,q:q=1,...,k}E;N,T,P)α,β :=
(WM,{s0,q:q=1,...,k}E((E(N,G2, π2,Ψ2)), G1, π1,Ψ1);P)α,β/ξ,
where T = R or T = A respectively. In addition we have put
(WM,{s0,q:q=1,...,k}E;K,Gj, jP)α,β =: (W
M,{s0,q:q=1,...,k}E(K,Gj, πj,Ψj));P)α,β,
consequently, (WM,{s0,q:q=1,...,k}E;N,T,P)α,β is supplied with two C
l
β group
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operations corresponding to (WM,{s0,q:q=1,...,k}E;N,Gj, jP)α,β for j = 1, 2 and
there exists the principal fiber bundle
(WM,{s0,q:q=1,...,k}E((E(N,G2, π2,Ψ2)), G1, π1,Ψ1);P)α,β
→ (WM,{s0,q:q=1,...,k}E;N,G2, 2P)α,β
with the structure group Gk1. Using the equivalence relation ξ inevitably
infers that there exists the principal fiber bundle
(WM,{s0,q:q=1,...,k}E;N,T,P)α,β → (W
MN)α,β
with the structure ring Rk or the structure algebra Ak correspondingly.
21. Remark. Wrap groups and semigroups can be generalized for an
infinite discrete closed subset {s0,q : q ∈ λ} of marked points in M¯ , when M¯
is not compact, where λ is a set, card(λ) ≥ ℵ0.
Apart from the differentiable spaces M , N , E considered above over the
infinite non-discrete field K analogous wrap groups also exist when M , N
and E are over a finite field Fpk or an algebra Ar over Fpk , 1 ≤ r ≤ 3,
but such wrap groups become already discrete. Particularly, if M , N and E
are finite, then wrap groups are finite (see also References [25,26] in [15]).
Therefore, we have considered above topological infinite groups, when K is
infinite and non-discrete.
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